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In this paper we consider the analogue of the Courant nodal domain theorem for
the nonlinear eigenvalue problem for the p-Laplacian. In particular we prove that if
uln is an eigenfunction associated with the nth variational eigenvalue, ln, then uln
has at most 2n−2 nodal domains. Also, if uln has n+k nodal domains, then there is
another eigenfunction with at most n−k nodal domains. © 2002 Elsevier Science (USA)
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1. INTRODUCTION
In this paper we study the properties of the nonlinear eigenvalue problem
−Dpu=l |u|p−2 u in W,
u=0 on “W,
(1)
and its more general version
−Dpu=a |u|p−2 u+−b |u|p−2 u− in W,
u=0 on “W,
(2)
where p > 1, Dpu :=N · (|Nu|p−2 Nu) is the p-Laplacian, W is a bounded
domain in RN with smooth boundary “W, and a, b, l are real spectral
parameters. We say that l is an eigenvalue of −Dp if (1) has a nontrivial
weak solution ul ¥W1, p0 (W); i.e.,
F
W
|Nul |p−2 Nul ·Nv−l F
W
|ul |p−2 ulv=0 (3)
holds for any v ¥W1, p0 (W). The function ul is then called an eigenfunction
of −Dp associated with l. Similarly, a pair (a, b) is called a Fucˇik eigen-
value of −Dp if (2) has a nontrivial weak solution uab ¥W1, p0 (W), which is
then called a Fucˇik eigenfunction associated with (a, b). The set of all
eigenvalues of −Dp is called the spectrum of −Dp, while the set of all Fucˇik
eigenvalues is called the Fucˇik spectrum of −Dp. If we set a=b in (2)
we see immediately that the spectrum of −Dp is contained in the Fucˇik
spectrum of −Dp.
Recall that if p=2 then the structure of the spectrum of −D2=−D is
completely understood and every eigenvalue has a variational charac-
terization in terms of Rayleigh quotients. Also if p ] 2 and N=1, then the
spectrum of −Dp is completely described (see [9]). The situation is dif-
ferent if p ] 2 and N> 1. In this case it is known that there is a principal
(first) eigenvalue, l1 > 0, which is simple, isolated, and characterized as the
minimum of a Rayleigh type quotient. It is also known that the corre-
sponding eigenfunction, ul1 , is of one sign in W (see e.g. [1]). Moreover, it
is known that there is a second eigenvalue, l2, which allows a variational
characterization (see [2]). There are several, possibly equivalent, ways
to generalize the Rayleigh quotient characterization for the case p=2
to obtain a sequence of variational eigenvalues, {ln}
.
n=1, whose first two
elements are the first and second eigenvalues already described. However, it
is not known if this sequence accounts for the entire spectrum, and many
questions remain unanswered regarding the properties of the spectrum
beyond l2.
The given description of l1 and l2 generalizes, to some extent, to a
description of the first two curves of the Fucˇik spectrum. Due to the fact
that ul1 does not change sign in W, the set C1=({l1}×R) 2 (R×{l1})
belongs to the Fucˇik spectrum of −Dp. One deduces directly from (2) that
any Fucˇik eigenvalue (a, b) satisfies a \ l1 and b \ l1. It is known that any
eigenfunction ul, with l ] l1, changes sign in W, and this property imme-
diately extends to any uab with (a, b) ¨ C1. The set C1 is called the trivial
part of the Fucˇik spectrum. The main result of the paper [4] consists in
the construction of the first nontrivial curve C2 belonging to the Fucˇik
spectrum. Roughly speaking, it is proved in [4] that C2 is a continuous
decreasing curve in the (a, b)-plane passing through the point (l2, l2) and
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staying away from C1. In particular, any (a, b) lying between C1 and C2
does not belong to the Fucˇik spectrum of −Dp.
In this paper we are concerned with the nodal properties of the eigen-
functions (Fucˇik eigenfunctions) of −Dp. A nodal domain for u ¥ C((W¯)) is
defined as a maximal connected open subset of {x ¥ W : u(x) ] 0}. Our
results concern the generalization of the following theorem to the case
p ] 2.
Theorem 1.1 (Courant nodal domain theorem). Assume that uln is an
eigenfunction associated with the nth eigenvalue, ln, of −D2. Then uln has at
most n nodal domains.
Simple examples demonstrate that no similar lower bound is possible.
(Consider W=[0, p]×[0, Lp] for large L.)
In Section 3 we define a sequence of variational eigenvalues, {lk}
.
k=1, for
the p-Laplacian and proceed to prove several theorems. We prove that
Theorem 1.1 generalizes completely if we assume either that −Dp satisfies a
unique continuation property or that l < ln+1. For the general case we
prove that if uln is an eigenfunction associated with ln, then uln has at most
2n−2 nodal domains. Also, if uln has n+k nodal domains, then there is a
second eigenfunction with at most n−k nodal domains.
In Section 4 we show that any nontrivial Fucˇik eigenfunction associated
with (a, b) ¥ C2 has precisely two nodal domains. This theorem was
recently proved in [5] and communicated by J.-P. Gossez at the conference
FSDONA in Syote, Finland, in June 1999. We present another proof here
for completeness and to point out several interesting differences in the
methods of proof in this paper and in [5].
Remark 1.1. Let us assume that all variational eigenvalues are simple.
Then ln < ln+1 for all n and the estimates above give a direct generalization
of the Courant nodal domain theorem. On the other hand assume that,
e.g., l3 has a multiplicity 10: l1 < l2 < l3=l4=·· ·=l12 < l13 < · · · . Then
the general estimate is sharper and says that the number of nodal domains
of any nontrivial eigenfunction ul3 is at most 4. Moreover, if ul3 does have
four nodal domains, then there must be a second eigenfunction, ugl3 , with
only two nodal domains.
Remark 1.2. The case l < ln+1 has already been discussed in [2] and
[19], the primary difference being that in this paper we rely on a somewhat
different description of the spectrum. In these papers the general upper
bound for nodal domains is also discussed and is given as 2n−1, so our
upper bound represents an improvement.
Remark 1.3. In this paper we refer to the following formulation of the
unique continuation property.
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(UCP). If ul is a nontrivial eigenfunction of −Dp, then {x: ul(x)=0}
has an empty interior.
It is well known that the unique continuation property holds for the case
p=2, but to the authors’ knowledge the existence of such a property is an
open problem for the case p ] 2. The counterexample in [16] may indicate
that the unique continuation property does not extend or is difficult to
extend. On the other hand there are p−1 homogeneous quasilinear opera-
tors, such as Lu :=−N · (|u|p−2 Nu), that do satisfy the unique continuation
property. See [15].
2. PRELIMINARIES AND FUNDAMENTAL ESTIMATES
Let (a, b) be a Fucˇik eigenvalue and let u ¥W1, p0 (W) be an associated
nontrivial eigenfunction. Then
F
W
|Nu|p−2 Nu ·Nv−a F
W
|u|p−2 u+v+b F
W
|u|p−2 u−v=0 (4)
holds for any v ¥W1, p0 (W). We begin this section with several standard
lemmas describing the basic properties of eigenfunctions.
Lemma 2.1. Let uab be a nontrivial Fucˇik eigenfunction associated with
the pair (a, b) and let Wab be a nodal domain for uab. Define
f :=˛uab(x): x ¥ Wab
0: x ¨ Wab.
Then f ¥W1, p0 (W). Moreover, if f(x) > 0 in Wab (respectively, f < 0 in Wab),
then >W |Nf|p=a >W |f|p (>W |Nf|p=b >W |f|p).
Proof. A standard argument showing that f ¥W1, p0 (W) can be found
in Lemma 5.2 of [7]. To show >W |Nf|p=a >W |f|p (respectively >W |Nf|p=
b >W |f|p) simply substitute v=f into (4). L
Lemma 2.2. Assume that there exists K > 0 such that a, b ¥ (0, K). Let
Wab be any nodal domain of uab. Then |Wab | \ c1(K) > 0, where c1=c1(K) is
a constant depending only on K. (|W| denotes the Lebesgue measure of W.)
Proof. Suppose that uab > 0 in Wab and 1 < p < N. Let pg=
Np
N−p , and
let f be the restriction of uab to Wab as in Lemma 2.1. Then
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F
Wab
|Nf|p=a F
Wab
fp
[ a |Wab |
p
N 1F
Wab
fp
g2 ppg
[ cSa |Wab |
p
N F
Wab
|Nf|p, (5)
where cS is the constant of the Sobolev embeddingW
1, p
0 (W)+ L
pg(W). The
assertion now follows from (5). The proof is similar for the cases where
p \N or where uab < 0 in Wab. L
Remark 2.1. It follows from Lemma 2.2 that any Fucˇik eigenfunction
of −Dp has a finite number of nodal domains.
Lemma 2.3. Let (a, b) be a Fucˇik eigenvalue with a corresponding
eigenfunction uab ¥W1, p0 (W). Then there exists an g ¥ (0, 1) such that
uab ¥ C1, g(W¯).
Proof. The proof relies on standard arguments. An L. bound is
obtained by a well-known scheme of Moser iterations as in the proof of
Lemma 3.2 in [10]. The proof of interior regularity then follows from
Theorem 2 in [8] or Theorem 1 in [18]. Regularity near the boundary
follows from Theorem 1 in [14]. L
Lemma 2.4. Let (a, b) be a Fucˇik eigenvalue not in C1, and let uab be a
nontrivial eigenfunction associated with (a, b). Let W1 be any nodal domain
for uab. Then there is another nodal domain W2, a point x0 ¥ (“W1 5 “W2)0“W,
and an e > 0 such that Be(x0) 5 “W1 5 “W2 is a smooth manifold separating
Be(x0) 5 W1 and Be(x0) 5 W2. Moreover, if uab > 0 in W1 (respectively, uab < 0
in W1), then “uab/“n < 0 (> 0), where n represents the unit outward normal
to “W1 at x0.
Proof. Let x1 ¥ W1 such that r=dist(x1, “W1) < dist(x1, “W). Choose
x0 ¥ “W1 0“W such that dist(x1, x0)=r. The domain W1 satisfies an interior
sphere condition at the point x0 ¥ “W1. Assuming that uab > 0 in W1, a
standard comparison argument implies that “uab/“n(x0) < 0, where n is the
unit outward normal to “Br(x1). (For example, see the proof of Lemma 4
in [17].) By the implicit function theorem we conclude that {x: uab(x)=0}
is a smooth manifold in a neighborhood of x0, and our assertion follows.
The case assuming uab < 0 in W1 is similar. L
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When the unique continuation property is not available, then the following
technical result will be helpful.
Lemma 2.5. Let W1 and W2 be nodal domains for an eigenfunction uab,
and let x0 ¥ (“W1 5 “W2)0“W and e > 0 such that Be(x0) 5 “W1 5 “W2 is a
smooth manifold separating Be(x0) 5 W1 and Be(x0) 5 W2. Suppose that ugab is
another eigenfunction such that ugab=ciuab on Wi. Then c1=c2.
Proof. This follows easily from the regularity of eigenfunctions. Using
limits taken from inside W1 we see that Nu
g
ab=c1 Nuab. Using limits taken
from inside W2 we see that Nu
g
ab=c2 Nuab. Hence c1=c2. L
Remark 2.2. It can be shown that points such as x0 described above
form a dense open subset of “W1 2 · · · 2 “Wm, where W1, ..., Wm represent
the nodal domains of uab.
Our variational arguments in Sections 3 and 4 will refer to the following
deformation theorem which is a specialized version of Lemma 3.7 in [13].
Theorem 2.1. Let X be a C1 Finsler manifold, and let J ¥ C1(X, R). Let
B and C be two closed disjoint subsets of X such that C is compact. Assume
that there is an e > 0 such that ||JŒ(u)||g \ 2e > 0 for all u ¥ C. Then there
exists a nonnegative continuous function g on X and a continuous one-
parameter family of homeomorphisms k: X×[0, 1]QX such that
(i) k(u, t)=u for every u ¥ B;
(ii) dist(k(u, t), u) [ 2t for every u ¥X;
(iii) J(k(u, t)) [ J(u)− eg(u) t for every u ¥X, t ¥ [0, 1];
(iv) g(u)=1 for all u ¥ C.
Remark 2.3. In particular, if X is a submanifold of a Banach space
satisfying −X=X and if J(−u)=J(u) for u ¥X, then the deformation
can be chosen to preserve the symmetry; i.e., we also have
(v) k(−u, t)=−k(u, t) for every u ¥X and t ¥ [0, 1].
3. THE CASE OF HIGHER EIGENVALUES
Let us consider the even functional
I(u) :=
>W |Nu|p
>W |u|p
, -u ¥W1, p0 (W)0{0},
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and the symmetric manifold S :={u ¥W1, p0 (W) : >W |u|p=1}. Clearly, the
eigenvalues and eigenfunctions of −Dp correspond to the critical values
and critical points of I|S. Using a standard compactness argument we
proved in [11, Lemma 4], that I|S satisfies the Palais–Smale condition.
There are several ways to characterize a sequence of variational eigen-
values for −Dp by exploiting the symmetry of I and S. One standard
approach relies on the notion of the Krasnoselskii genus. For any nonempty
symmetric closed subsetA …S we define
c(A) :=˛ inf{m ¥N : , a continuous odd map ofA intoRm0{0}}
. if { · · · }=”
Fgk :={A …S :Aa=A, −A=A, and c(A) \ k}, and
lgk := inf
A ¥Fgk
sup
u ¥A
I(u).
It is well known that {lgk} defines a sequence of eigenvalues for −Dp such
that lg1=l1 is the principal eigenvalue described before and such that
lgk Q. as kQ.. (See, for example, Proposition 5.4 in [3]).
In [11] we applied a useful variant of this theme. For k ¥N let
Fk :={A …S :A is the image of a continuous odd function h:Sk−1QS},
whereSk−1 represents the unit sphere in Rk. Define
lk := inf
A ¥Fk
sup
u ¥A
I(u).
It is straightforward to check that {lk}
.
k=1 is a sequence of eigenvalues for
−Dp. Moreover, since Fk …Fgk we have that lk \ lgk , so lk Q. as kQ..
It is also clear that l1=l
g
1 , and it is proved in [11] that l2=l
g
2 . To our
knowledge the equality of these characterizations for larger k is unknown.
Now we are prepared to state and prove our main results.
Theorem 3.1. Suppose that −Dp satisfies (UCP) and suppose that uln is
an eigenfunction associated with ln. Then uln has at most n nodal domains.
Proof. Assume that uln has n+k nodal domains where k \ 1. Call them
{W1, ..., Wn+k}. Let ui :=uln ·qWi , where qWi is the characteristic function
over the set Wi. Let
A :=3 Cn
i=1
ciui : C
n
i=1
|ci |p F
Wi
|ui |p=14 .
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It is easy to see that A is symmetric and homeomorphic to Sn−1. If u ¥A,
then
F
W
|u|p=C
n
i=1
F
Wi
|u|p
=C
n
i=1
|ci |p F
Wi
|ui |p
=1,
so A …S. Hence A ¥Fk. Also, using the results of Lemma 2.1 as well as
the fact that {x: ui(x) ] 0} 5 {x: uj(x) ] 0} has measure zero for i ] j, we
get
F
W
|Nu|p=C
n
i=1
F
Wi
|Nu|p
=C
n
i=1
|ci |p F
Wi
|Nui |p
=C
n
i=1
|ci |p ln F
Wi
|ui |p
=ln.
Thus I — ln on A. Observe that if u ¥A then u — 0 on Wn+1, so u cannot
be an eigenfunction, else (UCP) would be contradicted. Thus I has no
critical points on A. Since A is compact, there is an e > 0 such that
||IŒ(u)||g \ 2e > 0 for u ¥A. Apply Theorem 2.1 with B=” and C=A to
obtain a symmetry preserving flow k. Let Ag :=k(A, 1). Now we have
Ag ¥Fn with supu ¥Ag I(u) < ln, a contradiction. L
Most of the following theorems will be proved in a similar style.
Theorem 3.2. Suppose l < ln+1 is an eigenvalue with associated eigen-
function ul. Then ul has at most n nodal domains.
Proof. Suppose ul has nodal domains {W1, ..., Wn+k} for some k \ 1.
Let ui :=ul ·qWi , as in the previous proof. Let
A :=3 Cn+k
i=1
ciui : C
n+k
i=1
|ci |p F
Wi
|ui |p=14 .
As in the previous proof we can verify that A ¥Fn+k and that I(u)=l for
u ¥A. But the characterization of ln+k implies that l=supu ¥A I(u) \
ln+k \ ln+1 > l, a contradiction. L
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Remark 3.1. In the previous theorem l is not required to be a varia-
tional eigenvalue.
Theorem 3.3. Let uln be an eigenfunction associated with ln. Then uln
has at most 2n−2 nodal domains.
Proof. We begin the proof by dividing W into nodal domain neigh-
borhoods. Let W1 be a nodal domain for uln . By Lemma 2.4 there is another
nodal domain, W2, a point x0 ¥ (“W1 5 “W2)0“W, and an e > 0 such that
Be(x0) 5 “W1 5 “W2 is a smooth manifold separating W1 and W2 in a
neighborhood of x0. For convenience we will write W1 ’ W2 and say that
these sets are neighbors. The nodal domain neighborhood for W1 will refer
to the collection of nodal domains, Wk, such that W1 and Wk are connected
by a finite sequence of neighbors, i.e., there is a set of nodal domains
{W −1, ..., W
−
j} where W
−
i ’ W −i+1 for each 1 [ i [ j−1, W −1=W1, and W −j=Wk.
Using this notation we can organize all of the nodal domains for uln into
neighborhoods
{W11, ..., W1j1},
{W21, ..., W2j2},
· · ·
{Wm1, ..., Wmjm}.
Now suppose that uln has n+k \ 2n−1 nodal domains. Let N represent
the cardinality ofI :={(i, j): 1 [ i [ m, j > 1}. Notice that {Wi, j: (i, j) ¥I}
includes all of the nodal domains except the first in each neighborhood.
Since each nodal domain neighborhood contains at least two members, we
have N \ 12 (2n−1), so N \ n. Let uij :=uln ·qWij and define
A :=3C
I
cijuij : C
I
|cij |p F
Wij
|uij |p=14 .
As in the previous proofs, it is straightforward to check that A ¥FN and
that I(u)=ln for u ¥A. Suppose that ugln ¥A is a critical point for I and
thus an eigenfunction. Notice that ugln — 0 on the nodal domains Wi1 for
1 [ i [ m. By Lemma 2.5 it follows that ugln — 0 on every nodal domain
that can be connected to an Wi1 by a finite sequence of neighbors. There-
fore ugln — 0 in W, which is a contradiction because 0 ¨A …S. Hence A
contains no critical points. Now the proof can be finished exactly as in the
proof of Theorem 3.1. L
Theorem 3.4. Let uln be an eigenfunction associated with ln such that uln
has n+k nodal domains, then there exists another eigenfunction ugln with at
most n−k nodal domains.
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Proof. Divide W into nodal domain neighborhoods exactly as in the
proof of Theorem 3.3. Notice that there must be at least k+1 neigh-
borhoods, else the cardinality of {Wij: 1 [ i [ m, j > 1} will be at least n,
and we can apply the proof of Theorem 3.3 to obtain a contradiction. Now
define an index set I :={(i, j): 1 [ i [ k, j > 1} 2 {(i, j): i \ k+1, j \ 1},
so that {Wij: (i, j) ¥I} omits one nodal domain in each of the first k nodal
domain neighborhoods, but includes all of the nodal domains from the
remaining neighborhoods. Thus I has cardinality n. Let
A :=3C
I
cijuij : C
I
|cij |p F
Wij
|uij |p=14 .
As in previous proofs we can show that A ¥Fn with I — ln on A. A must
contain a critical point of I, else we could derive a contradiction as in pre-
vious proofs. Let ugln ¥A be a critical point of I, i.e., another eigenfunction
associated with ln. Since u
g
ln
¥A we know that ugln — 0 in Wi1 for 1 [ i [ k.
As in the proof of Theorem 3.3, it follows that ugln — 0 on each of the first
k nodal domain neighborhoods. Notice that the nodal domains for ugln
are a subset of the nodal domains in the remaining nodal domain neigh-
borhoods. By removing the first k nodal domain neighborhoods we have
removed at least 2k nodal domains from consideration. Hence there are at
most n−k remaining nodal domains where ugln can be nontrivial. L
Corollary 3.1. For each n there is an eigenfunction, uln , associated
with ln such that uln has at most n nodal domains.
4. FIRST NONTRIVIAL FUCˇIK CURVE
In [4] it is shown that any (a, b) ¥ C2, with a \ b, can be characterized
as (l+s, l), where s \ 0 is a fixed value and
l :=inf
c ¥ C
max
t ¥ [−1, 1]
Js(c(t)), (6)
where
Js(u) :=F
W
|Nu|p−s F
W
|u+|p,
C :={c: [−1, 1]QS : c is continuous , c(−1)=−ul1 , c(1)=ul1}, and
S :={u ¥W1, p0 (W) : ||u||Lp(W)=1}.
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Moreover, it is shown that l > l1 is the smallest critical value for Js other
than l1=Js(−ul1 ) and l−s=Js(ul1 ). Here we use the fact that ul1 > 0
in W. We are now prepared to prove the following theorem (cf. Theorem 2.2
in [5]).
Theorem 4.1. Suppose that (a, b) ¥ C2 and that uab is an associated
Fucˇik eigenfunction. Then uab has exactly two nodal domains.
Proof. Let (a, b) ¥ C2 and assume that (a, b)=(l+s, l) as described
above. Let uab be a nontrivial eigenfunction associated with (a, b). We wish
to show that uab has at most two nodal domains and therefore exactly two
nodal domains. We will argue by contradiction, so we assume that uab has
nodal domains W1, ..., Wm with m > 2 and then construct a curve connecting
±ul1 that contradicts (6).
We begin by constructing a preliminary curve. Let W1, ..., Wj represent
the nodal domains where uab is positive, and let Wj+1, ..., Wm represent the
nodal domains where uab is negative. Since uab changes sign we must have
1 [ j [ m−1. For now we assume that j \ 2. We discuss the case j=1
later. The construction begins with the definitions
ui :=˛uab: x ¥ Wi
0: x ¨ Wi,
for i=1, ..., m ,
u¯1 :=C
j
i=2
ui,
u¯2 := C
m
i=j+1
ui, and
A :=3a1 u¯1+a2 u¯2 : |a1 |p F
W
|u¯1 |p+|a2 |p F
W
|u¯2 |p=1, a1 \ 04 .
Observe that u¯1 and u¯2 are nontrivial with {x: u¯1(x) ] 0} 5 {x: u¯2(x) ] 0}
=”; thus
F
W
|a1 u¯1+a2 u¯2 |p=|a1 |p F
W
|u¯1 |p+|a2 |p F
W
|u¯2 |p=1,
for any a1 u¯1+a2 u¯2 ¥A. ThusA represents a smooth nontrivial curve in S
connecting ±u¯2/||u¯2 ||Lp(W).
Now we estimate Js(u) for u=a1 u¯1+a2 u¯2 ¥A. Recall from Lemma 2.1
that >W |Nu¯1 |p=(l+s) >W |u¯1 |p and >W |Nu¯2 |p=l >W |u¯2 |p. Also, let s(t) :=1 if
t < 0 and s(t) :=0 otherwise. Then
68 DRA´BEK AND ROBINSON
Js(u)=Js(a1 u¯1)+Js(a2 u¯2), since {x: u¯1(x) ] 0} 5 {x: u¯2(x) ] 0}=”
=|a1 |p 1F
W
|Nu¯1 |p−s F
W
|u¯1 |p2+|a2 |p 1F
W
|Nu¯2 |p−s(a2) s F
W
|u¯2 |p2
=|a1 |p l F
W
|u¯1 |p+|a2 |p l F
W
|u¯2 |p−|a2 |p s(a2) s F
W
|u¯2 |p
=l−|a2 |p s(a2) s F
W
|u¯2 |p.
Hence Js(u) [ l for all u ¥A, and at the endpoints we have Js(u¯2/||u¯2 ||Lp(W))
=l and Js(− u¯2/||u¯2 ||Lp(W))=l−s.
Next we argue that A contains no critical points of Js, i.e., no eigen-
functions associated with (a, b). We will assume that u=a1 u¯1+a2 u¯2 ¥A is
an eigenfunction and then derive a contradiction. Notice that u — 0 on W1.
By Lemma 2.5 u — 0 on some neighboring nodal domain where uab is
negative. Thus a2=0 and u=u¯1/||u¯1 ||Lp(W). Therefore u is nonnegative and
is identically 0 on a nontrivial open subset of W. But the only nontrivial
nonnegative eigenfunctions are positive multiples of ul1 , which are strictly
positive in W. Hence u cannot be a critical point of Js.
Now, using an argument identical to that in the proof of Theorem 3.1
of [4], we can connect the endpoints of A to the principal eigen-
functions. The idea is to begin with an endpoint, say −u¯2/||u¯2 ||Lp(W). Since
Js(− u¯2/||u¯2 ||Lp(W) )=l1−s and −u¯2/||u¯2 ||Lp(W) is not a critical point we can
extend a curve from this endpoint into the set {u: Js(u) < l−s}. However,
the set {u: Js(u) < l} consists of two path-connected components, one
of which contains ul1 and a second which contains −ul1 . Thus we can
continue to extend the curve in this set until it reaches either ul1 or −ul1 .
From the other endpoint we simply attach the symmetric extension. Thus
we obtain a curve c ¥ C such that max[−1, 1] Js(c(t))=l and such that
c([−1, 1]) contains no critical points other than ±ul1 .
The final step is to modify c with a deformation. We apply Theorem 2.1
with X=S, B={±ul1}, and C=c([− 1, 1]) 5 {u: (l+l1)/2 [ Js(u)
[ l}. Observe that C is compact and contains no critical points, because
l1 < (l+l1)/2 < l. Thus there is an e > 0 such that ||J
−
s(u)||g \ 2e > 0 for
u ¥ C. Let k be the deformation given by Theorem 2.1 and define c¯(t)=
k(c(t), 1). It is straightforward to see that c¯ ¥ C and that max[−1, 1] Js(c¯(t))
[ l− e, a contradiction.
The theorem is proved assuming j \ 2. For the case j=1 a similar
argument applies with u¯1 :=u1 and u¯2 :=;mi=3 ui. The details are left to the
interested reader. L
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Remark 4.1. Let us emphasize that our proof differs in several
interesting ways from the proof of Theorem 2.2 in [5]. First, the argument
in [5] constructs the curve A in a different way and applies appropriately
different estimates. Second, in [5], the energy of this curve is not lowered
by the application of a flow. Instead it is lowered by stealing some room
from the nodal domain W1 so that the boundaries of the other nodal
domains can be expanded slightly. Then, by applying the monotonicity of
the principal eigenvalue over each nodal domain, it can be shown that the
appropriate inequalities hold.
Remark 4.2. The Reference [16] was brought to the authors’ attention
by J.-P. Gossez.
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